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Abstract 

In this paper, we extend the results of Klainerman and Rodnianski in [K-R:Trapped| , 
which were obtained for a finite region, by showing similar results from past null infin- 
ity. This allows us to recover and extend the results from past null infinity in the work 
of Christodoulou IChrl. 



1 Introduction. 
1.1 Main Goals. 

A recent breakthrough in General Relativity is Christodoulou's remarkable 589-page paper 
The Formation of Black Holes in General Relativity. In his paper, he has identified an open 
set of regular initial conditions on a finite outgoing null hypersurface. These initial conditions 
lead to the formation of a trapped surface in the corresponding vacuum spacetime, which is 
the future of the initial outgoing hypersurface and another incoming null hypersurface with 
prescribed Minkowskian data. 

His paper is based on an initial data ansatz called short pulse method. In order to form 
a trapped surface, the initial data is required to be large in terms of a small parameter, 
6 > 0. Remarkably, Christodoulou shows that due to the structure of the vacuum Einstein's 
Equation, some components of curvature and Ricci coefRents remain small in terms of S. This 
allowed him to carry out a careful continuity argument to prove all the desired estimates. 

In order to construct a spacetime such that a trapped surface is formed by the focusing 
of gravitational waves from past null infinity Christodoulou also needs to carefully estimate 
the decay rate of all curvature components and Ricci coefficients towards null infinity. 

In a subsequent paper |K-R: Trapped] , Klainerman and Rodnianski simplify and extend 
Christodoulou's result in a finite region. Based on a different scaling with respect to the 
small "short pulse" parameter (5, they introduce appropriate scale invariant norms and use 
them to derive estimates in a systematic fashion. 

The scale invariant norms associate specific behaviors in powers of S to various geometric 
quantities, based on their specific signatures. This procedure allows them to show that all 
nonlinear terms, generated during the construction of the spacetime, are small and propor- 
tional to (5 2 , with the exception of a relatively small number of cases, which they trace down 
to what they call anomalies. The anomalies correspond to simple violations of the scale 
invariant norms. 



In our paper we extend the results in |K-R:Trapped| , which is done for a finite region, by 
showing a similar result from past null infinity. In the spirit of that paper we complement 
their 6~ scale invariant norms with a new scaling corresponding to powers of u, which 
describe the decay rates near past null infinity. We will thus see two different hierarchies 
corresponding to S and u respectively. To propagate these two hierarchies, we will meet some 
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anomalous terms. In addition to the anomalies in |K-R: Trapped , we encounter additional 



anomalies, corresponding to the decay rate, which lead to "borderline terms" . In our paper 
we will give a systematic way to treat these borderline terms. Moreover, based on this 
systematic way and a key observation on Einstein's equation, we give a more direct and 
intuitive approach to do energy estimates in an infinite region by integrating the null Bianchi 
equations. We do not use the Bel-Robinson tensor or Lie derivatives. 

Given that the estimates in |K-R:Trapped| are more systematic and thus easier to im- 
plement, it is natural to ask whether the results of |K-R: Trapped) can be used, as a stepping 
stone, to derive those of |Chr| . In our paper we show that this is indeed the case. More 
precisely, the results of |K-R:Trapped| hold true for a larger class of data than that of |Chr) . 
The spacetime estimates which are derived from these data are however weaker. We show, 
nevertheless, that starting with Christodoulou's data the estimates derived in |K-R:Trapped 
can be indeed improved consistent with Christodoulou's results in jChr] . 

Furthermore, along the methods devoloped in this paper, we can extend |Chr| by proving 
the formation of scarred surfaces from past null infinity and the formation of trapped surfaces 
from past null infinity without Minkowskian initial data condition. The details of these 
results will be given in future papers. 

1.2 Structure of the Paper 

The structure of this paper is as following: 

• In Section 2, we give the basic setup and main results. 

• In Section 3, we give the main equations and preliminaries. 

• In Section 4 - Section 6, we give the estimates for the Ricci coefficent. 

• In Section 7 - Section 8, we give the energy estimates. 

• In Section 9, we give a heuristic argument for the formation of trapped surfaces from 
past null infinity. 

• In Section 10, we prove the formation of trapped surfaces from past null infinity. 

• In Section 11, we prove, by the given intial data in [Chrj . we can get consistent esti- 
mates in |Chr] . 

Acknowledgements. The author would like to thank his advisor Sergiu Klainerman 
for suggesting this interesting problem and for offering much insightful advice. The author 
would like to thank Jonathan Luk for many enlightening discussions. The author also thank 
Kyle Thompson for helping to improve the manuscript. 



2 Basic Setup and Main Results 

2.1 Definitions. 
Double Null Foliations. 
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We consider a region V — 'D{u^,u^) 
of a vacuum spacetime {M, g) 
spanned by a double null foliation 
generated by the optical functions 
{u,u),Uoo < u < and < u < S. 
We denote by Hu the outgoing null 
hypersurfaces generated by the level 
surfaces of u and by the incoming 
null hypersurfaces generated by the 
level hypersurfaces of u- We write 
S{u,u) — Ha n H_,a which is clearly 

a 2-sphere. We denote i/^"^'"^^ and 
^(«i,«2) ^Yie regions of these 

null hypersurfaces defined by < 
u<U2 ^^'^ ""1 ^ " ^ '"2 respectively. 
Let L, L be the geodesic vectorfields 
associated to the two foliations and 
define, 

Observe that for Minkowski Space the value0of is 1. As is well known, our space-time 
slab 'D(u^,,u^) is completely determined by data along the null, characteristic, hypersurfaces 
, Hj^ corresponding to m = Moo, w = 0. Following [Chrj we assume that our data is trivial 
along _ffg, i.e. assume that extends to u < and the spacetime {M,g) is Minkowskian 
for M < and all values of u < 0. Moreover we can construct our double null foliation such 
that = 1 along H„^,i.e., 

^{Uoc,u) = 1, < U < 

Throughout this paper we work with the normalized null pair (ea, 64), 

63 = riL, 64 = ^L, g{e3, 64) = -2. 
Definition of coefficients. 

Given a 2-sphere S{u,u) and (ca) a = 1,2 an arbitrary frame tangent to it, we define 
the Ricci coefficients, 

^i\)(p)ii^) = 5(e(A),i^e(„)e(^)), A, /i, 1/ = 1,2,3,4 

These coefficients are completely determined by the following components, 

Xab = g{Dae4, eb), = g{Dae3, eb), 

Va = -^giDaea, 64), = -^giDiCa, 63) 

1 1 (2.1) 

= -^.9(^463,64), w = --3(1)364,63), 

Ca = ^g{Dae4,e3) 

Note that our normalization for Q is the same as of |K-R: Trapped] and differs from |K-Ni| . 
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where Da = i?e„ ■ Moreover ,we separate the trace and traceless part of x ^nd x- Let x 
and X be the traceless parts of x ^^^d %, respectively. 

Definition of curvatures. 

We also introduce the null curvature components. 



a{R)ab = R{ea, 63, 66, 63), 



a{R)ab = R{ea, 64, 66, 64" 
(3{R)a = ^R{ea, 64, 63, 64), ^{R)a = ^R{ea, 63, 63, 64), 

p{R) = ^i?(64, 63, 64, 63), a{R) = i *i?(e4, 63, 64, 63) 



(2.2) 



Here *R denotes the Hodge dual of R. V denotes the induced covariant derivative 
operator on S{u,u). V3 and V4 denote the projections to S(u,u) of the covariant derivatives 
Z?3 and D4, respectively, (see precise definitions in |K-Ni| .) Observe that, 

w = -iv4(logl)), w = -iv3(logr!), 

Va = (a + Va (log Q) , fj^^ = -(a + Va (log Q) . 

2.2 Signatures. 

To capture the structure of Einstein's equation, we need the following definitions given 
below. 

2. 2.1. Definitions of signatures. 

To every null curvature component a, /3, p, cr, /3, a, null Ricci coefficient components 
Xj X; Ci '^i^iij and metric 7, we assign signatures according to the following rule: 



3(0) = (si(^),S2(0)), 



51(0) = 1 • Niicjy) + - ■ Na{<P) + • Nsi^) - 1, 
S2(0) = • Ni{cj)) + ^ ■ Nai^) + 1 • A^3('^) - 1. 



(2.3) 
(2.4) 
(2.5) 



where (p € {«, ;9, p, cr, /?, a, Xi Xi C) '^i^j 7} a^^d Ni[(j)) is the number of times 64 ap- 
pears in the definition of (}> found in l2.1l and l2.2l Similarly we define N^{(j)) and Na{4>) where 
a = 1,2. 

2.2.2. Signature tables. 

By the definition above, we have. 





a 


/3 


P 


(7 


13 


a 


X 




C 


V 


'/ 


trx 


X 




7 


Sl 


2 


1.5 


1 


1 


0.5 





1 


1 


0.5 


0.5 


0.5 














S2 





0.5 


1 


1 


1.5 


2 








0.5 


0.5 


0.5 


1 


1 


1 






2. 2. 3. Properties of signatures. 

Consistent with the definition, we have for any given null component 



Si(V40) = Siict)) + 1,S2(V40) = S2(0), 



(2.6) 
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Sl(V0) = + i S2(V</)) = 52(0) + ^, (2.7) 

Sl(V30) = Si((/.), S2(V3</<) = S2(</') + 1, (2.8) 

2. 2. 4. Conservation of signatures. Using the definitions above, we have, 

Sl(01-02) = Sl((/'l)+Sl('^2), (2.9) 

S2(01 -02) =S2(0l)+Sl((^2), (2.10) 



S(01 ■ 02) = (Sl(01 • 02), S2(01 ■ 02)) = (Sl(0l) + Sl(02), S2(0l) + Si(02)) = s(0l) + s(02)- 

(2.11) 

Remark: si is the same signature used in |K-R: Trapped and S2 is introduced to study 
the decay rate near past null infinity. 



2.3 Scale Invariant Norms. 

We also define the scale invariant norms. 

2.3.1 Definitions of scale invariant norms. 

We define the following scale invariant norms on the 2-sphere S — S{u,u). For any 
horizontal tensor-field ip with signature s(?A) = (si(?/;), S2('0)), we define, 

UhrAS) = S^'^'^^-^Wf-'^'^^-^'mL^is), (2.12) 

Mlus) = S^'^^'^'-^IuI'^'^^^+^Mlhs), (2.13) 

UU.^^S) = S^'^'^^'-^l'^'^'^^MLHsy (2.14) 
More generally, for 1 < p < oo, we define, 

IIV'llLL(5)='5^^(^)-^-i|«r^^W+i-f||V.|U.(S). (2.15) 

2.3.2 Holder's inequalities for scale invariant norms. 

The reason wc introduce the signature and scale invariant norm above is to get the 
following Holder's Inequalities. 

IIV-l • V'2||l2_^(S) < J^Hl\\Lfi{S)U2\\LUS)^ (2.16) 

si 

Ul • V'2||l2Js) < J^\\tpl\\Li^(S)H2\\Li^{S), (2.17) 
Hi •V'2||Lf^(S) < J^Hl\\Lfi{S)U2\\LiJS)- (2.18) 

2.3.3 Scale invariant norms along a hypersurface. 

For convenience, we also define the following scale invariant norms along the null hyper- 
surfaces Hi"'^'> and i?!"-'"). 
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f 1 

ll^lli^Cili"-"') - / h7p"^"'^c(5(n',M))^«'- (2-20) 
In what follows, we also write H = Hu = H^^' and H = H^ = ^^«~'"). 

2.4 Bootstrap Assumptions. 
Initial data assumptions. 

We define the initial data quantity, 

X(o) = sup 

0<M<6 

where, 

T^''\u) = 5'^\Uoo\\\Xo\\l^(S(u^,u))+ '^^II(^V4)'=Xo||l^(S(„^,„)) 

0<fe<2 



+ E E ^^ll(^^l«oo|V)'"-l(^V4)'=VX0||L^(S(„eo,M)) 
0<fe<l l<m<4 



(2.21) 



0<fe<l l<m<4 

Here xo denotes x along Hujf^ ■ 

Bootstrap assumptions in scale invariant norms. 

To give a precise formulation of our result, we need to introduce the following norms. 
Ricci coefficient norms: 

For any S{u,u), we introduce norms ^^^Os,p{u,u). 

^^^Oo,oo{u,u) = ||w||z,oo(5) + ||xI|l~(S) +'^"^l|i''x||z,~(S) + ll??lk-(S) + Wvhr.iS) 

1 6-2 (2.22) 

^3 (53 (2.23) 



^^^Co,2(w, w) = ||w||z,2^(s) + si ||xlUi,(S) + Wtrxhus) + NIUl(-5) + hhi^is) 

si 6 (2-24) 



(^)Oi,2(w,u) = \\Vuj\\lus) + W^xhus) + MlVtrxhus) + l|Vr?||L^,(S) + W^vhus) 

(2.25) 

^^^Oi,4{u,u) = ||Va;|U4^(s) + W^xhiJS) + MW^trxhus) + W^vhi^iS) + W^vhi^iS) 
+ ■^W'^xhus) + l|Virx||L4^(s) + ||Vw|U4^(s). 

(2.26) 
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We define the nor ms^'^) ©0,2, ^'^^Co,4, ^'^'Co.oo, ^'^'Ci,2 and (■^)Oi,4 to be the supremum 
of the corresponding norms over all values of u, u in our slab . Finally, we define the total 
Ricci norm 

iS)0 =(S) Oo,2 +(^) Oo,4 +(^) Oo.oo +^'^ Ol,2 +(^) 01,4 

and let (^)C)('^) be the corresponding norm of the initial hypersurface Hq. 
Curvature norms: 

Along the null hypersurfaces H = Hu'^^ and H_ = H_^°°''^\ we introduce, 
no{u,u) = si \\a\\L2^^H) + WhuH) + WpWluh) + Mluh) + Whi^W, (2.27) 

7^oKw) = (5^||/3|U. 

c(i£) + ll^lli?c(ii) + W'^WLi^iK) + \\§\\Li^iH) + II^IUl(S)' (2.28) 
ni{u,u) = ||Va|U2^(H) + W^PhuH) + W^PhuH) + l|Va|U2^(jj) + WVPh^H), (2.29) 

n^{u,u) = ||V/3|U2^(H) + l|Vp|Ui,(H) + ||Va|U2^(H) + WyPhuK) + l|Va|U5,(H), (2.30) 

We set 7^0, T^i to be the supremum over u,u in our spacetime slab of TZo{u,u) and 
TZi{u,u) respectively and similarly for the norm TZq and TZi- Also, we write TZ = TZq + TZi 
and ]Z = TZq + TZ-^. T^*^"-* denotes the initial value for the norm TZ i.e., 

sup (7?.o(0, u) + 7^1(0, w)). 

0<u<5 

Remark: Most of these quantities are scale invariant except for a small number of 

anomalous terms. 

Remark: For (5, the anomalous terms are a,trx', L'^d^) ^L^aci^) norm for x, Xi and 
L^ciM.) norm for Later, we will always try to use the L'^{S) norm for x,x and the 
L^^H) norm for /3, which are normal. The genuine anomalous terms for S are a and trx- 

Remark: For u, the anomalous terms are x and trx- Furthermore, trx is niore anoma- 
lous than X- Later we will see, that, the borderline terms for the decay rate of u contain 
trx, most of the time. Usually, when we have %, we have trx at the same time. This makes 
X, usually, a harmless anomalous term for the decay rate of u. 

To rectify the anomaly of a, we introduce an additional scale invariant norm 

^oM := sup \\a\\L2^^SH^, 

^HCH 

where is a piece of the hypersurface H = Hu'^^ obtained by evolving a disc C S{u, 0) 
of radius 5 2 along the integral curves of the vectorfield 64. 
Bootstrap Assumptions in the standard norms. 

For convenience, we also list the bootstrap assumptions in the standard LP norms. 

^^^Co,oo(w,w) = 5^(|m|||xIU~(S) + |w|||w|U~(s)) + \u\\\trx\\L^(s) + |wri|r?,??|U=»(s) 
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^^^Oo,a{u,u) = S^u\^\x\\lHs) + S'^\u\^W\\lHs) + \u\^\trx\\ l^s) + S ^ |m| ^ ||?7, r?||i4(s) 

(2.32) 



1 2 

+ \u\i\\x\\L^{s) + 6-i\u\i\\trx + |-| \\ms) + ||w||i,4(5) 



'•^)Ci,4(u,w) = <5'|ur^||Vx||L4(s) +(5'|u|^||Vtrx|lL4(5) + |u| 2 1| Va;||L4(5) 

+ (53|M|^||V(r/,2)|U4(s) +(5-3|u|i||Vx|U4(s) +,5-3|u|5||V<rx||L4(s) +(5"^|m|5||Vw 

(2.33) 

^^^Oi,2{u,u) = (55|«|||Vx|U2(s) +(5^|M|2||Virx|U2(s) +<5^H||Vw|U2(s) + H^||V(?7,?7)||l2(s) 
+ S-i\uf\\Vx\\L^^s) + \ummrx\\ms) + ^"^ Va;||L2(s) 

(2.34) 

no{u,U) = ^||a||^2(H(°.^)) + |m|||/3||^2(h(''>^)) +'^"^l^^niP>^llL2(J/(0-^)) +^"Vl^ll^llL2(jj(o,ii)) 

(2.35) 

Ro{u,u) = S\\l3\\^^^j^(uoo,n)^ + \\\u'\{p,a)\\^,^^(^^^ 

(2.36) 

(2.37) 

Si(«,w) = 5|||^^1V/3||^,(^„<».„,)+5^11|ufV(p,a)||^,(^„^,„)) + |||«fV^||^,(^^^ 

(2.38) 

2.5 Main Results and Strategy of the Proof 

We are now ready to state our main theorem: 

Theorem l(Main Theorem): Assume that TZ^^^ < X^^^ for an arbitrary constant X^^h 
Then, there exists a sufficiently small 5 > 0, such that, 

Strategy of the proof. 

Wc divide proof of the main theorem in two parts. In the first part we derive estimates 
for the norm O for the Ricci coefficients in terms of the initial data X(°) and the curvature 
norm TZ. More precisely we prove: 

Theorem lA: Assume that O < 00 and TZ < 00. There exists a constant C depending 
only on 0^^\ TZ, and TZ such that, 

O <C{0^°\TZ,n). (2.39) 

We prove the theorem by a bootstrap argument. We start by assuming that there exists 
a sufficiently large constant Aq such that, 

'^^Oo,oo < Ao. (2.40) 
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Based on this assumption we show that, if S is sufficiently small, estimate 12 .391 also holds. 
This allows us to derive a better estimate than 12.401 

In the second part we need to use the estimates of Theorem lA to derive estimates for 
the curvature norms TZ. This ends the proof of the main theorem. 

Theorem IB: The following estimate holds for a constant C — C(l'°-', T?,*^"'), and 6 
sufficiently small, 

In the Main Theorem, we obtain a semi-global existence result. In Section 9 and Section 
10, we will use these results to prove: 

Theorem 2 Given Minkowskian initial data on and |K-R: Trapped] initial data 

on Hu^\ a trapped surface must form in the slab T>[u w 1, ^). 

In Section 11 we will use the semi-global existence result above along with Christodoulou's 
initial data in |Chr) to prove: 

Theorem 3 If given Minkowskian initial data on and [Chr] initial data on 

H^^'^ , we can prove the consistent estimates in [Chrj . 



3 Main equations and preliminaries 
3.1 Null structure equations. 

We recall the null structure equations: (see |K-Ni] or K-R:Trapped| .) 

1 



V4irx + ^(trx)' - -Ixl' - 2t^trx, (3.1 

Vsirx + ^{trxf = -Ixl' - '^^trx, (3.2 

V4X + trxx = -2a;x - a, (3.3 

VsX + trxx = -2a;x - a, (3.4 

V4?7 = -X • (»? - !Z) ~ (3-5 

V3?7 = -X- (^-'/) + A (3.6 

3 1 11 

V4W = 2ww + - 77P - ^(?7 - 77) ■ iv + u) - -^\V + V\^ + (3-7 

= 2ujui+^\ij- rif + ^{ri-Ti)-{v + rD-l\v + ^l' + \p, (3-8 

Vitrx + -^trxtrx = 2Lutrx + 2divri + 2|r/p -t- 2p — x ■ X, (3.9 

Vs^rx + ]^trxtrx = 2a;trx + Idivri + 2|?/p + 2p - x • X, (3-10 

V4X + 2*^XX = V®77 + 2a;x — -^trxx + V^V, (3.11 
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VsX + -^trxx = V®?? + 2ujx - -jtrxx + (3-12) 
And the constraint equations: 

divx = ^Virx - ^ V) ■ ix - i^i^xSab) - (3.13) 

divx = ^Virx - ^(?7 - ■ (x - ]jtrx5ab) + ^, (3.14) 

curZ?? = X A X + o-Cob, (3.15) 

curlri= -x^X- o-^ab, (3.16) 

X= -itrx^rx+^X'X-P, (3.17) 
with if the Gauss curvature of the surfaces 5*. 

3.2 Null Bianchi equations. 

We recall the Null Bianchi equations in |K-Nij or |K-R: Trapped] : 

Vaa + ^trxa = V«)/3 + 4wa - 3{xp +* X^) + (C + 4?7)®/3, (3.18) 

V4,f3 + 2trxf3 = diva-2Lul3 + 7] ■ a, (3.19) 

V3/3 + trxl3 = Vp +* Va + 2w;3 + 2x • ^ + HvP +* w), (3.20) 

V4fT + ^trxa = + ^x '* « - C '* /3 - 2ry •* /3, (3.21) 

Vs^ + ^trx^T = -divy + •* « - C •* /? - 2r? •* ^, (3.22) 

3 1 

V4P + -irxp = rfiv/S - -X • a + C • /3 + 277 • /3, (3.23) 

V3P + ^irxp = -dw^ - ^X ■ a + C • ^ - 277 • ^, (3.24) 

V4^ + trx§_ - - V/9 +* Va + 2Lu§_+2x-l3- 3{riP -* w), (3.25) 

Va^ + 2ir260 = -dwa - 2uj_^ + ??•«, (3.26) 

V4a + ^trxa = - V®^ + iuja - 3(xp -* X^) + (C - 4?7)cl^, (3.27) 



Remark: All terms in a given null structure or null Bianchi equation have the same 
signature. 

For example, for Vaa + ^trxa — V®/? + Auja — 3{xp +* x^) + (C + 4?7)(X)/3, each term in 
this equation has signature (2,1). 



10 



3.3 Commutator Lemma. 

We have the foUowing Commutator Lemmas, (see |K-Nij ) 
Lemma 3.1. For a scalar function /, 

[V3, V4]/ - -2ujV3f + 2^V4/ + 4C • V/ 
Lemma 3.2. For a scalar function /, 

[V4,V]/=i(r; + ^)I?4/-X-V/ 

[V3,V]/=i(77 + ^)Z?3/-X-V/ 
Lemma 3.3. For a 1-forni tangent to S, 



[D3, \/a]Ub = -X^^VcUb + eac*PjU, + ^('^^ + la^D^^b " X^^VbUc + X^^V ' U 

Lemma 3.4. For a 2-forni tangent to s, 

[-D4, Va]Hc = ^('7a + ?y )£'4V'bc " %VdcXad " '7,^bdXQd " eM*;5aVdc " f-cd* PcVbd . , 

^ \6.2o) 

+ XacVbdVj^ + XabVdcJlj - Xad'^dVbc 
[D3, Va]Vbc = liVa+ VjDsVbc - VbVdcX^^ - VcVbdX^^ + €bd*P_Vdc + €cd*P_Vbd 

+ x,Vbdm + x^b'^dcVd - x.d'^dVbc 
3.4 Evolution Lemma. 

Given a scalar function /, we have, (see |K-Ni) or |K-R:Trapped| ) 

d_ 

du 



rf f= f i^+^trxf)= f n{\/,f + trxf), (3.30) 
I f= f i^+ntrxf)^ [ niVsf + trxf), (3.31) 

Js(u,u) Js(u,u) Js(u,u) 



IS{u,u) JS{u,u) JS{u,y,} 

With these, we can establish the following Evolution Lemma. 

Lemma 3.5. Evolution Lemma. 

Assume ^ > is sufficiently small, c > is arbitrarily small, and jfitrx + ^| < 
Let U and F be fc-covariant S'-tangent tensor fields satisfying the incoming evolutionary 
equation: 

+ X,ntrxUa,...a, =Za,...a., (3-32) 

Denoting Ai = 2(Ao - i), we have along Hj^°°'"\ 
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1^1 ^ l|f^llLJ'(S(M,ti)) ^ Co(|Uoo 

\^'\\U\\lp{S(u^,u})+ I |u'I^MIZIIlp(S(«'.«))(^m')- (3-33) 

Proof: 



au Js{u,u} Js{u.u) m du - 



S(u,u) m - 



S(u,u) du 



Xip\u\^'P-^\U\P + mrx\u\^'^\U\^ 

S{u,u) 



(3.34) 



Applying £|C/|P + \^pmrx\U\P < p\F\\U\p~\ we have, 



^|z^|'M|C^IIl.(5) <H'Ml£||L.(5)-y^l«l'M|C/|U.(5), (3.35) 



From Gronwall's inequality, we have. 



\ur\\U\\LPiSiu,u)) <Co{\Uoor\\U\\LP(s{u^,u))+ / W \\F\\ l,^s{u' ,u))du') . (3.36) 

Remark: More generally, S' C S{u,u) and S'{u,u) are obtained by evolving S" along 
the null generators of Then, similarly, for U satisfving 13.331 we have, 



\ur\\U\\LP(S'(n^u)) <Co{\Uoor\\U\\L.iS'{u^,u))+ / W r \\F\\ l, (^g' (w ,u))du') . (3.37) 



Meanwhile, we have the following Integral Formulas. 



Lemma 3.6. Integral Formulas, (see |K-R:Trapped| ) 

For any horizontal tensor-field ip ,we have. 



\\Hl^S{u.u)) < Ml^S{i 


.,0)) + 


/ \\^i->lA\L^{S{u.u'))dvf- 

Jo 


(3.38) 


||V'I|l2(s(«,u)) < \\iP\\l2{S{u^ 




' / l|V3V'l|L2(S(„',„))(i'«'. 


(3.39) 


H\\lHS{u,u)) < Mlhs(z 


.,0)) + 


/ l|V4-0||L4(s(„_„,))du'. 

Jo 


(3.40) 


II^I|l*(S(«,«)) < \\iP\\l^{S{u^ 


=.«)) ^ 


- / ||V3'0||L4(S(^x^2£))^^'■ 


(3.41) 



We can rewrite the above inequalities using scale invariant norms. 



12 



\\'^h^saiS{u,u)) < M^ASiu.o)} + S ^l|V4V'l|L2js(„^„'))du'. (3.42) 







\\^\\LUSiu,u)) <Mlus(,u^,u)}+ I i;7Til|V3^/'||L2js(„,,„))du'. (3.43) 



-1 1 



I1V'IIl*,(S(«,«)) < IIV'llLf,(s(«,o)) + / S 1V4-0IIlj,(s(«.«'))^^'- (3-44) 

Jo 

r-U ^ 

\\'^\\lUS(u,u)) <\\^\\lUS(u^,u))+ J j:^\\^3i'\\LiJsiu'.u))du'. (3.45) 

3.5 Calculus inequalities 

(see |K-R:Trapped] ) 

Lemma 3.7. For any horizontal tensor F, we have, 

\\FhHSiu,u)) < \\F\\l^siu,u))\\^nhisiu,u)) + T^\\nLHSiu,u)), (3.46) 

\U\ 2 

Using scale invariant norms, 

\\F\\LiJsiu,y)) < ll^ll!.j5(n,„))l|Vi^ll!5^(5(„,„)) (3-47) 
Lemma 3.8. For any horizontal tensor F, we have, 

I|J^IIl~(SKm)) < \\F\\hsiu,u))\\^nUsiu.u)) + T^\\F\\LHSiu,y)), (3-48) 

\U\ 2 

Using scale invariant norms, 

WnLrASiu,^)) < ll^ll4(S(n.„))l|V^^II4(S(n,„)) +'5^l|J^I|L4J5(n.^)), (3-49) 

3.6 Estimates for Hodege Systems 

(see |K-R:Trappedl ) 

We will use the following three types of Hodge Systems. 

1. The operator Di takes any 1-form ■0 to a pair of functions (divip , curlip) . 

2. The operator D2 takes any S tangent symmetric, traceless tensor ip into the S tangent 
1-form divip. 

3. The operator *Di takes the pair of scalar functions ('0,'0^) to the S tangent one form 

-vV' + *vV't. 

Proposition 3.9. Let (5,7) be a compact manifold with Gaussian curvature K. 
1. The following identity holds for vectorfields ip on S: 

2 I T^\„l,\2\ _ I /|j-„,„/,|2 I |„„,„7„;,|2^ _ / \ n „i,\2 



(IW'r +^^1^-1') = ildiviPl' + \curlij\^) = / \DiiJj\^ (3.50) 
s Js Js 

2. The following identity holds for symmetric, traceless, 2-tensor field ^p on 5*: 

{\Vi}\^ +2K\^P\^) ^2 I \diviP\^^2 [ jDaV'P (3.51) 
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3. The following identity holds for a pair of functions ip'^) on S: 

(|VV'P + |VV/p)= / |-V^. + (VV/)*P= / (3.52) 
s Js Js 

Further more, we have the Hodge Estimates for the 3 different cases above. 
Lemma 3.10. Hodege Estimates. 

1. For a l-form -0 on 5, we have, 

I|VV'||l2 (s(„,„)) < lldwV'IU^ (s(„,„)) + ||cMr/V'||L2 (5(„^„)) + — ^||if||22 (s(„„))IIV'IUl(S(«,m))' 

(3.53) 

2. For a symmetric, traceless, 2-tensorfields ip on S, we have, 

l|VV'||i,2jS(„,„)) < \\divij\\L2 (^s{u,u)) + --tII-^IIl2 (s(««))IIV''IU4JS(«,«)), (3-54) 

3. For a pair of functions on S*, we have, 

ll^^lliL(sKM)) + IIW^IIiL(SKM)) < ir^i(V^.^^)llLL(S(«,M))' (3-55) 

4 ^"^^00,2(^,1/) and ^'^^Co,4(w, w) Estimates. 

4.1 Coefficient Estimates in Scale Invariant Norms. 

For null Ricci coefficients ip with signature (s, s'), it satisfies either transport equation 



or 



= 1+32 = = . 

Here t/j^*'" ^ and ) are S-tangent tensor fields with signatures (s, s'). In this Section, 
we consider ^p^^'^ ^ and ^^^''^ ) as an arbitrary Ricci coefficient component with signature 
(s, s') and a null curvature component with signature (s, s'), respectively. 

Let's establish several useful lemmas. 
Lemma 4.1. For equation 14. 11 we have. 



L2 {Hi,"'-') 

(4.3) 
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«'l+«2= = ' 



(4.4) 



Proof. 



||V'^^'^'^IU|,(S(„,«)) < \\i^^''''^\LUSiu,o))+ r S-'\\Viij^^'^'^husiu,u'))dlL' 

Jo 

a, -La^ — a-LI 



.'1+4 = .' 

(4.5) 

For *, we use Holder's inequality for scale invariant norms and the definition: 

"""" ,<o,.,,='5-' / mlus(u,^))d^- (4-6) 
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Similarly, we have, 

Jo 



s'+s'=s' 



(4.7) 



Lemma 4.2. For equation 14.21 if we do not have anomalies, then we have, 



(4.8) 



='i+4=='+i 



1 A- 

(4.9) 



Proof: 
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^^'^ < \\^'^'''^\\LUSiu^,u)) + / T^\\^3i^^'''^\\LUSiu',u))du' 

= 'l+ = 2 = = ' + l 

(4.10) 

For **, we use Holder's inequality for scale invariant norms and the definition: 



ll*llk(iiS:--) - / (4-11) 



Similarly, 

1 

^1 



= 'l+4 = a' + l 



(4.12) 



Remark: If wc don't have anomalies in 14. II from Lemma [4. 11 we can actually prove, 
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II V-t^^^') husM) < U^'^-^'^ IIlL(S(u,o)) + ^'^^a,oo(^'Oo,2 + 7^o. (4.13) 



For convenience, we use lower order terms (l.o.t) to stand for terms which are a d'^ smaller 
than the leading terms, where c > 0. For example, we can rewrite the inequalities in the 
above remark as, 

Remark: If we don't have anomalies in 14.21 then by Lemma we can actually prove, 

U^''''^huSiu,u)) < U^''''^\\LUSiu^.u)) + ^^'^Oo,J'^Oo,2 + -^Ko. (4.15) 

\U \u\2 



X 1 A 

\U\ |li|2 |u|2 

(4.16) 

For convenience, we will rewrite these inequalites as 

U^'^''^\lUS(u.u)) < \\¥'^''^\\LUSiu^,u)) + -^no + l-0.t, 



U\ 2 

U^'^^'^huSiu.u)) < U^''''^\\Lt{Siu^,u)) + -^Ei]M+ l.o.t 

'U\ 2 



Thus if we don't have anomalies, the nonlinear terms are actually lower order terms. 
Sometimes, for convenience, we will write 

V4V'^''''^ = "S^'+^^^'H l.o.t 
V3^/'('''"'' = + '^'> + l.o.t. 



For future reference, we will encounter some transport equations of following form, 

VsiP^''"'^ ^ -Xotrxip^''"'^ + ^ V^"''"'^^ ■ V'^"''"^^ + ■^'•''■■''+^\ (4.17) 

Here Aq is a positive constant that depends on the transport equation being considered. 
For '•'^^C'o,2(w,u) estimates, if we use Lemma we will have. 
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-pjTp'^xllirc(s(«',M))IIV'^''''^llLL(s(«',H))^"' 



(4,18) 



From bootstrap assumptions in Section 2, we know trx is the most anomalous term. We 
only can hope 

si 

J^\\trx\\L^JS{u,u)) <^^^ Oo.co. 
1 

Thus, it's very likely that the term J^^ P?-xllL~(S(u',n)) IIV'^^'"''' llL2^(S(u',«))rf"' will 
give us a log|uoo| term, which will destroy our proof. Similar situations will happen for 
^'^^Oo,4(u, w) estimates. Thus, in equation 

■i+4="'+i 

AoirxV'''*'^ ^ is not a lower order term any more. It is actually a borderline term. To deal 
with these borderline terms, we will use the Evolution Lemma and the following lemma. 

Lemma 4.3. For eauation l4.17l we have, 

J Uoc 

= i+4 = s' + l 

(4.19) 



(4.20) 



=i+4=='+i 



Proof. 

Using the Evolution Lemma, we have. 



p = 2,Ai=2Ao-l. 
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(4.21) 

Similarly, we have, 

p = 4,Ai=2Ao-i. 

Woo 



"1+4 = 



i+4 = = ' + l 

(4.22) 

In such a way, we can deal with the borderline terms and avoid the dangerous term 

log |Uoo|- 

4.2 '■^^Oo^2{u,u) Estimates. 

We will prove our results using a bootstrap argument. We start by assuming that there 
exists a sufficiently large constant Aq such that, 

Let's start with the 00,2(^,1*) estimates. 
4.2.1. Estimates for XiV^^- 
The null Ricci coefficients %, 77 and w satisfy transport equations of the form, 

V4'(/' = -0 • "0 + * 

Here ^ denotes an arbitrary Ricci coefficient component while denotes a null curvature 
component. 

More precisely, we have Null Structure equations which are 

yiV = -X-iv-v)-P, (4.23) 

V4W = 2ww+ip+(?7,ry)(r;,7]), (4.24) 

V4X + iJ^XX = -2wx - a, (4.25) 

V4irx = -^{trxf - |xl' - ^cutrx- (4.26) 
Using Lemma |4. II and the bootstrap assumption, we can prove, 

\\v\\lus{u,u)) < \\v\\lus(u,o)) + 7^o[/3] + SiOo,M,2 (4.27) 
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MlUS{u,u)) < MlLUSiufi)} + 7^o[p] + -^^00,0000,2, (4.28) 

\\x\\lus{u,u)) < Wxhusium + ^oH + 6-^Oo^ooOo^2, (4.29) 
S^\\trx\\LUS{u,u)) < S^ltrxhusiufi)) + Oo,ooOo.2. (4.30) 



4.2.2. Estimates for cjj,r],x- 
The Ricci coefficients lu,-!] and x satisfy equations of the form, 

VaV- = V' ■ -0 + * 

For w, we have, 

V3Uj = 2ujLj + ^p+{rj,ri){'n,ri). (4.31) 
Using Lemma 14.21 and the bootstrap assumptions, we have, 

+ l^[p]+S^Oo,ooOo,2- (4.32) 

For T], we have, 

^31 = -X- iv - n) + ^- (4.33) 

This is equivalent to 

Vs?/ = -^trxn + ^trxv - X' {v ^ v) + P- (4.34) 
Using Lemma [4.31 we have 

r 1 

hlU2(s(„,„)) < WvWmsiu^.u)) + J \\2^rxr] + §_-X-{v-U)\\L^Siu'.u))du' 

< hh^siu^.u)) + / \\trx\\L'^{S{u',u))\\v\\L^s{u',u))du' + + l-o.t 

Ju^ \U\2 

\ 1 

< \\v\\l^(S{u^,u)) + / ririA(^)du' + — 3-|||uT^llL2(fl;;;-'") +^.o.t 

J«oo l"l 1^1 \U\ 2 

coSi 1 



(4.35) 

Since we have aheady estimated rj, A(^) is now a constant depending only on O^^^ and 
TZ. Thus, we obtain, 

11 S~ ^ 

S~^\uM\l^s{u.u)) < -r^S-i\u^\{\\rj\\L2(^siu^,u)) + ^in)) + --tIII"'P/3||l2(h_^oc,^) +Z.o.t. 

Pool |U|2 - 

(4.36) 

1 1 5^3 

(^^^ l'"lhlU2(s(„,„)) < d^^\u^\{\\l]\\L2(^s{u^,u)) + ^{r^)) + — T|||u'|2^||i2(^j;o=,") +Lo.i. 



(4.37) 
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which is equivalent to 

MlUS{u,u)) < \\v\\l^,,{S{u^,u)} + A(,,) + -^TZoiP] + l-o-t- (4.38) 

\u\2 

Similarly, from 

^3X + t'rxX= -"^i^-a, (4.39) 
1 

we can prove, 



Vsirx + -trxtrx = -2ujtrx - |xP, (4.40) 



■r-Mhus{u,u)) ^ 77— rlli;IU?e(S("oo,«)) +Ka[a] + l.o.t. (4.41) 

I"-! |"'oo| 

S 6 
J^\\^'^K\\lUS(u,u}) < j^\\trx\\LUs{u^,n}} + l-o-t- (4.42) 

We summarize the results of this subsection in the following proposition. 

Proposition 4.4. Assuming that ^^Aq is sufficiently small, there exists a constant C de- 
pending only on 0^°^ TZq, and TZ^, such that, 

^^^Oo,2 < C 



4.3 ('^)Oo,4(m,m) Estimates. 

4.3.1. Estimates for XtV^^- 

Similarly, as in the Co, 2(^,1*) estimates, using Lemma l4. II and the bootstrap assump- 
tion, we can prove, 

(4.43) 

^~'\\x\\lus(u,u)) < S-^Wxhusiufi)) + llVall^^ ^^(^„,^^^(S^\\a\\^^^^f^^ij>.^i^)^ + S^\\a\\^,^^^^^^^ 
< Wxhusiu^o)) + 7^l[a]^7^o[a]5 + TZ„[a] + S^O^.ooOoa, 

(4.44) 

\\x\\LU^Siu,u)) < Wxhti^ s(ufi)) + ^oH + ^iH + + S^Oo,^Oo,i, (4.45) 

^'''¥rx\\Li^(S{u,u)) < S-i\\trx\\LUs{u,o)) + ^'Co,ooOo,4, (4.46) 



m\LiJS{u,u)} S ||^i^||L4_^(S(„,o)) + IIVpli;, ^f,(o,^)JlPli;, ^^(0,^,^ +'^"11/^111,2^(^^(0.^)) 

< l|w|U4^(s(„.o)) + 7^l[p]*7^o[p]5 + SiTZoip] + S'Oo,ooOoA, 



(4.47) 
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where c is a fixed positive constant. 
4.3.2. Estimates for uj,ri,x- 

For u!, using Lemma 1?^ and the bootstrap assumption, we can prove, 



- - 1 

For ?7,x and trx, as in the ('^)C'o,2(m,u) estimates, we can use Lemma and the 
bootstrap assumption to prove. 



< 



< 



.,JI^II 



lije(-S(«oc.,M)) 



)"— "i,2^(ij.S; 
<53^o[/?] + ,5=Oo,ooOo,4 



(4.49) 



["^CX) I 

(4.50) 

si 

|-pll*^xllLf,(s(«,«)) < I nWi^xhusiu^,!.)) + <5^C'o,ocCo,4. (4.51) 

where c is a fixed positive constant. 

We summarize the resuhs of this subsection in the foliowing proposition. 

Proposition 4.5. Assuming that J^Aq is sufficiently small, there exists a constant C de- 
pending only on 0^°', TZq, and ]Zq, such that. 



5 (^)C>i. ,2{u,u) Estimates. 

5.1 L^^iS) Estimates for a, (3, p, a, (3, a 

In this subsection, we prove Ll^{S) estimates for the curvature components. 
For /3, p, CT, /3, a we use, 

Vil3 + 2trxl3 = diva-2ujl3 + r]-a, (5.1) 

V4a + '^trxa - + •* a - C '* - 2?? •* (5.2) 

3 1 
V4P + ^trxp = dz-y/S - -X • a + C • /3 + 2?; • /3, (5.3) 

V4^ + irx^ = - Vp +* Vcr + 2a;^ + 2x • ^ - 3(?7p -* ^ct), (5.4) 
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V4a + -trxa = -V®^ + 4wa - 3{xp -* + (C - 4?7)(8)^. (5.5) 

Using the integral formula, if ^^Aq is sufficiently small then there exists a constant C 
depending on 0^^\ TZ, and TZ such that, 



\\^\\lI^(S(u,u)) < C, 


(5.6) 


Hp Ll?^(s(«,u)) < c, 


(5.7) 




(5.8) 


\\§\\l2,{S{u,u)) < C, 


(5.9) 


\\^\\l^,^{S{u,u)) ^ ^' 


(5.10) 



For a we use, 

Vaa + ^trxa = V(8)/3 + 4wq! - 3(x/3 +* xcr) + (C + 4?7)(g./3, (5.11) 
Using the Evolution Lemma, we get, 

SiMLUS{u,u))<C. (5.12) 



Later on, we will need to use the estimates for Hodge systems. To this end recall. 



K = -p+^X- X- \trxtrx- (5.13) 



Hence, we have. 



^II^IUl(S(«,m))<C. (5.14) 
We summarize the results of this subsection in the following proposition: 

Proposition 5.1. Assuming that S'^Ag is sufficiently small, there exist a constant C, de- 
pending only on 0^^\ TZ, and TZ, such that, 

W,p,a,^,ah.^^s) < C, 5^||a|U2^(s) < C, l-\\Kh,^^s) < C 

\u\ 

5.2 Estimates for trx, X 
For trx and x, we use 

V4trx = ~{trxf - \x\^ - 2ujtrx, (5.15) 

[V4,V]/ = i(7? + 7?)V4/-X-V/, (5.16) 



to get. 
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V4Vtrx = -Virxtrx-2trxVu;-2wVtrx-2Vx-X+^(??+7?)(-^(i»'x)^-|xP-2wi^x)-xVtrx. 

(5.17) 

Note that there aren't any anomalous terms for the u weight on the right hand side. 
Using Lemma ETTJ we get, 

\u\\Mrx\\LUS(u,u)) < 0^"'> + 5=Ol,2O0,oo + S^0i,20o,oo0o,oo- (5.18) 

Using, 

divx = ^V<rx - ^(j? - v) ■ {x ^ ^trx) ~ 13, (5.19) 
and using the estimates for Hodge systems we have, 

II VxIIll(sku)) <ni + no + o*") + s'o^^^Oo^^ + (5=Oi,20o,ooOo,oo. (5.20) 

5.3 Estimates for trx,X 
For trx and X: similarly, we derive, 

V3Vtrx+ ^trxVtrx = ^X' Vtrx - (V + i(77 + ;2))(2wirx+ 1x1') - \{v + U){trxf, (5-21) 



From Lemma 14.31 we get, 

ll^*^xllL=js(n,«)) < II Vw|U2^(s(„,„)) + +n + l.o.t. (5.22) 

Remark: The most anomalous nonlinear term on the right hand side is (77 + rj)(trx)'^ ■ 
To deal with this term, we notice that f] + r] — 2V(log51). To get an estimate for V(logi7), 
we use Lo = — ^V3(logri). From this we get 

VsVlogfi = -2Va; + ^(v + rfj'^s log - xV log fl. 

That's the reason why we have Vcj on the right hand side when we try to estimate Vtrx. 
Using, 

divx = ^Vtrx + ^{v - v) ■ {x " ^^^x) + (5.23) 
and using the estimates for Hodge systems we have, 

nll^^ll^?e(s(n,«)) < l|v^^iU2^(s(„,„)) + + n + l.o.t. (5.24) 

\u\ 

5.4 Estimates for i] 

For r], we define /i as, 

fi = —divrj — p. (5.25) 

We derive, (see |K-R: Trapped] .) 

V4Ai + trxfJ- = - ^-trxdivq + {rj - r^Vtrx + X ' V(2r; - jj) + ^-x- a - {rj - irj) ■ (3 

{ ^ 1 ^ (5.26) 

+ -^^TXP + -^i-rxkVi^ - V V) + -^{V + U) ■ X ■ {V - V)- 
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From Lemma 14.11 we have, 

MlUs{u,u)) < S-^ni[a] + + l.o.t. (5.27) 
Applying the estimates for Hodge systems to 

divT] = - p, curb] = cr - A X, (5-28) 

we get, 

II^'?IUl(S(«,m)) <^o[p,a]+^37^l[a]+o(o)+7^l. (5.29) 

5.5 Estimates for r] 

For r], we define /i as, 

fj, ~ —divrj — p. (5.30) 

We derive, 



VsM + trx^l = - ^trxdivT] + ^trxp + (»7 - ??) Vtrx + X ' V(27? - ?/) 

+ ^X - a - {11-37]) + ^trx(|?7p - V' v) + ^{v + v) ' X' {v~ v)- 



(5.31) 



For equation I5.31[ the terms having the worst decay rate are —-^trxdivj] and ^trxp- 
Thus, the equation can be rewritten as 

V3/1 + trxi^ — — —trxdivr] + —trxp + l.o.t. 

We already have an estimate for V77. Using Lemma [4.31 we have, 

II V/i||L^,(S(«,n)) < ^1 + O^"' + l.o.t. (5.32) 
Applying the estimates for Hodge systems to 

divT] = —p — p, curlrj = —a + -x A x, (5.33) 

we get, 

\Wv\\lus{u,u)) <n, + 0^°^ + l.o.t. (5.34) 

5.6 Estimates for w 

We introduce the auxiliary quantities lu} and a;^ as follows, 

V auj"^ = —a, Vao;^ = —a 
- 2 2 

with zero boundary conditions along ILq and Hq, respectively. 

We introduce the scalar pairs < u >= (w, oj^^) and < u >= (— a;,a;^). 

Applying the Hodge operator *£>i, we have, 

< w >= -Vw+* Vwt, *Di < w >= +* Vwt, 

For w, we have, 
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*2?i < w >= - Vw +* Vtjt , (5.35) 

and we define k as, 



K=* Vi <ui> (5.36) 



From this, we derive. 



3 1 
i(?7* + r;*)cr + x • (-Vw +* Va;t) + ¥£+^(77 + ?])£, 



(5.37) 



3 1 

V4K + trxn = - - X • /3 + -(77P - *7yp) - 2 + !Z)^ 

+ ^(^y* + ^*)^ + X ■ (Voi +* Vc^t) _ VF - i(77 + j?)F 
where F = 2aja;+ {rj,'q){rj,rii). 

The only anomalous term on the right hand side is x- Hence, we have 

Using Lemma [4. 1[ we know, 

M\lus(u,u)) <Tli + O'"^ + l-o.t. (5.38) 
Using the estimates for Hodge systems,we have, 

l|Vw||i2^(S(„,„)) <TZi + + l.o.t. (5.39) 

5.7 Estimates for u 

For w, we have, 

*X>i < w >= Va;+* Vwt, (5.40) 

we define k as, 

K =* 2?i < a; > (5.41) 
This allows us to derive the transport equation for k which is 



(5.42) 



where, F = 2a;cj + (77, 77) (77, 77). 

For equation I5.42[ the only borderline term is trxK. Thus, all the terms on the right 
hand side can be treated as lower order terms. 
Thus, we have 

V3K + trxK = l.o.t. 

Using Lemma [4.31 we have, 

Mlus{u,u)) < 7^o + O^") + l.o.t. (5.43) 
Using the estimates for Hodge systems, we have, 

II Vw|U2^(S(„,„)) <nn+ni + O'") + l.o.t. (5.44) 
We summarize the results of this subsection in the following proposition: 
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Proposition 5.2. Assuming is sufficiently small, there exists a constant C, depending 
only on 0^°' , TZ, and TZ, such that 

(^)Oi2 < C. 



6 Second Angular Derivative Estimates for the Ricci 
Coefficients and ''^^Oi^4{u,u), ^^^Oo^oo{u,u) Estimates. 

6.1 Second Angular Derivative Estimates for the Ricci Coefficients. 

In this subsection, we first derive the evolution equation for V^trx, \7'^trx, V/z, Vfi, Vk, and 
Vk. Then, similar to how we proceeded in the previous section, we will obtain estimates 
for these quantities. Considering Holder's inequality for the scale invariant norm, and the 
anomalous terms for both the S and u weights, we only list the potentially worst terms. The 
rest can be treated as lower order terms. 
We define: 



, 1 

For V'^trx, we have, (see also K-R: Trapped] . ) 



(6.1) 



V3 V^irx + 2trxy^trx V^ujtrx + V^XX + l-O-t. (6.2) 
Later, we will show that if d is sufficient small, 

IN^^hHsiu^u)) ^^1 + W^ihHSiu.u))- (6.3) 

Remark: In this subsection, the constant C depends only on 0^°^ TZ, and TZ. 
From the Hodge system, for x in 15.231 we know that. 

Using Lemma l43l we get, 

W'trxhHsiu,^}) < = (6.4) 

Similarly, for V^tr^, V/i, V/i, Vk, and Vk, we have, 

l|V^trx||L2(5(„^„)) < (6.5) 
l|VAi||L2(s(„^„)) < = (6.6) 

I|V/v||l2(s(„,„)) < (6-8) 
(J 

I|Vk||l2(5(„^„)) < |-^. (6.9) 

For V^w, V^cj, V^Xi ^^Vi ^^77, and V^x, using the estimates for Hodge systems, we 
obtain. 
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\NW\lHS(u,u)) + \\^B\lHS{u,u)), (6.10) 

\\^Mlhs{u,u)) < + \\yp\\msiu,u)), (6.11) 

I|V2x||l2(5(„,„)) < ^ + \\V(3\\msiu,u)), (6.12) 

I|V^77||l2(S(«,«)) < |^|3_2e + llV/3|lL2(S(n,«)) + II V(t||l2 (s(„^„)) , (6.13) 
I|V^?7||i2(5(„^„)) < + ||Vp||l2(5(„^„)) + ||Vcr||L2(5(„_„)), (6.14) 

IN^Xh-iSiu.u)) ^ ^ + l|V^llL^(S(n.«)). (6.15) 

Remark: For || V2x||l2(5(„_„)), is the main term; for WS/^vh^Siu^u), both j^^^ 
and II Vp||l2(s(m,«)) + ||Vcr||i2(5(„_„-)') are the main terms; for the other terms, the derivatives 
of curvatures are the main terms. 

6.2 Codimension 1 Trace Formulas. 

To get estimates for '■-^^Oo^a, we need the foUowing lemma: 
Lemma 6.1. Codimension 1 Trace Formulas. 

|I/I|l4(SK«)) < ||/-/lL4(S(«^,«)) + (||V3/||i(^) + ||^/|li(^))||V/^ 

(6.16) 



1 „„i 1 1 

— tII/IU^(s)7 

U\ 2 



(6.17) 



II/IIl^(5K^)) < 11/ - f\\LHSiu,0)) + (l|V4/|ll2(^) + Il^/II!2(H))I|V/Ill2(^) 

Proof: 

Let's prove first. 
We have, 



snv\\f~f\\Usiu,^))< I j^W,{f~m + j J^\trxif-fr\ + \\f-f\\Us.^,^)^ (6-18) 



<i\N3f\\LHH)MN3nLHH))\\f-f\\UH) + i\M^^ 

(6.19) 

while, for ||/ — fW^f^j^y we have the estimate 

ii/-/ii«(5) - ii(/-/yiii^(s) < iNif-fnins) ^ ( / (v/)(/-/)')' < ( / Nfm~f\\Usy 

J s ^ s 

(6.20) 
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Thus, 



Wf-nUiQ ^ (/ l^\^f\')'^y\\f-f\\lHsiu,^)y (6-21) 



For ||V3/||i^2(jj), we have the estimate, 

l|V3/IU.(H) « l|V3(^ " 11^ //ll^^® + "r^I //"^^® ^^-''^ 

< + I^C^^f + trxmmH) < l|V3/|U.(^) + W^fWmH)) (6.23) 



Thus, 



S^P\\f-f\\Usiu,u))^{\\^sf\\L^H) + \\^M^^^ „), 

(6.24) 

Therefore, 

sup 11/ - /|U4(s(„,„)) < (||V3/||i(^) + II V/|li(H) + 11/ - /IU^(S„„..)> (6-25) 



Also, 



U^S) < ( / 7')^ = l/ll«l^ < / l/|rf« • 1^1^ < Mj^m, (6.26) 



Thus, we get, 

||/||l4(5(„,«)) < ||/-/lL^(S(«^,«)) + (||V3/||i(^) + ||^/||i(^)^^ 

(6.27) 

SimiUarly, we obtain, 

\\f\\LHSiu,u)) < 11/ - /lknS(„,0)) + (l|V4/||i(H) + ll^/lli(^))||V/||i(^) + J^||/||^,(5). 

(6.28) 

6.3 (^)C»i4( w, u) Estimates and *-'^^Oo,oo(w, w) Estimates. 
Recall, 

e' = \. (6.29) 



For X, we have. 



ll^4Vx||i.(^(o,M)) < l|Va||^,(^(o,^)) + l.o.t < (6.30) 

l|VVxlL.(^(o,.,) < l|V/3||^,(^(o,.,) < (6.31) 
Prom Lemma 5.1 ( Codimension 1 Trace Lemma ) and Lemma 2.4 
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llVi^ll 

L*{s{u,u)) + rriWFWLi-isiu.u}), (6.32) 

\U\ 2 

Recall, 

C 

I|Vx||l4(5(„.„)) < —3-, (6.33) 
\u\2 

and 

IIxIIl4(S(«,«)) < — (6-34) 
\u\2 

and 



Using, (see K-R:Trapped| .) 



IIV'IIl-(s) < sup iSi\u\i\\\/^\\L^S2s) + —^Mlhs25}) 



we obtain. 



which equals. 

For trx, we have, 



11-11 ^"^C" 

IIX||l~(S(«,u)) < I I : 



IIxIIl~(5(«,u)) < C*- 



l|V4Vtrx||^.(^(o,^,) < (6.36) 

I|VVtrx||^.(^(o,.,) < (6.37) 
From Lemma 5.1 ( Codimension 1 Trace Lemma ) and Lemma 2.4, we obtain, 

W^trxWLHSiu.u)) < (6.38) 
\u\2 

\\trx\\L'^(S{u,u)) < (6-39) 
Once this is proved, using V^trx + ^itrxY — ~ '2'OJtrx, we can prove: 

\\trx\\L^(s{u.u)) < (6.40) 

which equals, 

5-"-\\trx\\LrAS(u,u))<C. (6.41) 



For trx, we have, 



l|V3Vtrx||^..^(..o,.), < (6.42) 
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From Lemma 5.1 ( Codimension 1 Trace Lemma ) and Lemma 2.4, we obtain, 



lVirx||L4(5(„_^)) < 



lul 2 ^ \u\ " ' 



C 

ll*^xl|z,~(S(u,«)) < -j;^, 



For X, we have. 



(J 

I|V4Vx||^2(h(o-)) < ^> 

II VVxlL.(H(o-)) < 

From Lemma 5.1 ( Codimension 1 Trace Lemma ) and Lemma 2.4, we obtain, 

<5iC 



l|Vx||z,4(s(«,u)) 



< 



U 2 



||XIU~(S(«,«)) < -j;^. 



For we have. 



c 

II^^'?IIl2(^^(o.m)) < 

Prom Lemma 5.1 ( Codimension 1 Trace Lemma ) and Lemma 2.4, we obtain, 

(5-3C 



l|V77||z,4(s(„,„)) 



< 



1 I 5 ) 
\U\ 2 



|lo=(S(«,u)) < |-T2> 



\U\ 



For r;, we have. 



= (S(m,«)) < C'. 



C 

ll^3Vr?|| („oc.«)) < —X, 



(5 — ^ C 

ll^^^llz,2(H(r~-»>) ^ I|Vp||^2(h;^«oo,»)) + /.o.t < TTfT^- 
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From Lemma 5.1 ( Codimension 1 Trace Lemma ) and Lemma 2.4, we obtain, 

\\^v\\lhs{u,u)) < -4^^, (6.59) 

\U\ 2 ^ 

||^||loo(s(«,u)) < I 5_e , (6.60) 

T\\'n\\Lf=^{S{u,u)) < C. (6.61) 



U 2 



For oj, we have, 



||V4Vu;||^,(^(o,.)) < ^, (6.62) 

||VVc.||^,(^(o,.,) < ^, (6.63) 
From Lemma 5.1 ( Codimension 1 Trace Lemma ) and Lemma 2.4, we obtain, 

\\y^\\L^iS(u,u)) < 7^, (6.64) 

c 

ll^±^||^,oo(s(„,„)) < |-|^, (6.65) 



For u) we have, 



\M\l'^^{S{u,u)) < C. (6.66) 



s — ^ c 

iVaVa,'!! 2f^("oo,u). < —3-, (6.67) 



VVa;||,,(^(_,„), < + ||V/3||,.(^(„..,^ < (6.68) 



(5-1(7 . , (5-1(7 

From Lemma 5.1 ( Codimension 1 Trace Lemma ) and Lemma 2.4, we obtain 

S-iC 



Vw||i4(s(„,„)) < --T— ' (6.69) 



U 2 



„ „ s-^c 

\Ml'=-{S{u,u)) < —-9-- (6.70) 

us 



The last inequahty imphes, 



||w||l|o(s(„,„)) < C. (6.71) 
To summarize, we should pay careful attention to these 4 terms which are sightly worse 



than expected: 

1 



I", 

1 



u 



T\\^trx\\Li^iS{u,u)) < C, (6.72) 
7\\^v\\LUSiu,u))<C, (6.73) 
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7^MLrAS{u,u))<C, (6.74) 

1 



^ 7l|Va;|U4^(S(„,„)) <C. (6.75) 

Remark: All the decay rates lost related to e are because we hope to close the bootstrap 
argument with only 1st derivatives of the curvatures using the Evolution Lemma. However, 
if we carefully go through the proof of the Evolution Lemma, we can prove sharper estimates 
to get rid of this e' still using only 1st derivatives of the curvatures. 

6.4 Sharp Estimates without e' Loss 

In this subsection, we will sec that the e' loss found in the decay rate can be removed by 
using a Gagliardo-Nirenberg type inequality. 

For ||V?7||i4(5(„ „)), we go through the proof of the Evolution Lemma. 

Js{u,u) ~ Js(u,u) "■'^ ~ ~ 

= I |w|''(JfiirxVr?-4(V^)^+4(V^)^V^)+Z.o.t 

Js{u,u) ^ 

<Muf [ {V'n){Vrif + A I \uWVrif {VP) + l.o.t 

JS{u,u) Js{u,u) 

< 4|«n|Vr?|U4(5K^))||V77||i.(5(„,^)) +4( / \u\'\V§\^)h [ \uf IVvf)'^ + l.o.t 

J S(u,u) J S(u,u) 

* < 4|ii|''^||V?7||L4(sK„))||V77||i4(5(„^„)) 

+ lll"I^V/3||i2(s(„,„))|uH||V7?||i4(5(„,„))(^^ + ||Vp|U2(s(„,„)) + \\Va\\L2^s{u,u))) + l-0.t 

(6.76) 

For * <, we use the Gagliardo-Nirenberg inequality, 

liv^iii ^ \\^R\\UiSiu,u))\\'^'^R\\h(S{u,u))' (6-77) 

and 

||V^77||l2(s(„_„)) < — |- + ||Vp||l2(s(„_„)) + ||Vo-||i2(5(„_„)). (6.78) 

to get 

lll"I^V»?||i4(5(„,„)) < |||«cx>|'V7?||i4(s(„^,„)) + / |«f ||Vr?||i4(5(„,,„))||V?7|U4(s(„,,„)) 

+ r lll«?V^|U2(5(„,,„))|||uf (Vp, Va)|U.(S(..,.)) • \u'\\\S7ri\\h^siu',u)) 
+ r lll^?V^|U2(5(„,,„))||V77||i4(s(„.,„))|«'|^5-^C 

Juoo 

(6.79) 

This implies. 
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l"nil«I^Vr?||i4(s(„,„)) < |t^nil«oo|^Vr?||i4(s(„^,„)) + \ut / |«f ||Vj?||i4(sK,„))l|V7?|U4(sK,„)) 
+ \u\' / lll^^f V^|U.(sK,„))llk?(Vp, Va)|U2(s(„,,„)) . \u'\\\Vr]\\l,^si,u',u)) 

Juoo 

' r |||«?v^|u.(s(„^^))||v^||i4(5(„,,^))|n'|^r^c 



(6.80) 



Define, 



Ml = / |«?||V?7||i4(s(„^„))||V?7||L4(s(«^«)) 

M^ = \u\^ / |||t*fV^|U.(s(„^„))|||«f (Vp,Va)|U.(5(„^„))•|«q||Vr?||i4(s(„^„)) (6.81) 

M3 = \uf r lllwf v^|U.(5(„^^))||Vr?||i4(s(„,^))|«'|^r^^7 



Then, we have, 



Ml = \u\^ r |u'|^||V77||i.(5(„,,3^))|«'|-^l|V7?|U4(sK,^)) 

< |«|Sup|||M|i|V77||li4(s(„,„)) / K|-'^"^C' 

< {sup\\\u\i\Vri\\\LHS{u,u))fS--^C 

U 

M2 = \uf£ ll|n?V^|U.(s(„^^))|||«?(Vp, Va)|U.(5(„.,^))^|«f ||Vr?|||4(s(„,,3,) 

< (sup„|||w|i|Vry||U4(s(„,„)))2|||uf V^|U2(f,)|||«f Vp|U2(^^ 

< (5wp„|||«|i|Vr?||U4(5(„,„)))2|||wf V^|U2(H)|w|'( r 4^)^-^-^^ 

< (swp„|| \u\^ \Vri\ ||i4(s(„,„)))2 II |u'|3 V^||l2(^)5-^C 



(6.82) 



Denote, A := swPm|||w|2 |Vr?|||L4(S(u,M))- Using tlie above, we get. 



A4<A3^-3C + A2|||^,fV^|U2(^)|||«f Vp|U2(^)+A2|||^,|3v^|,^^^^^^-i^^ (g_g3) 

Hence, we liave 

{SiAf < {S^AfC + {SiAfC (6.84) 

Tliis implies, 

{SiAf < C, (6.85) 

wliich implies, 

sUup\\\u\i\Vri\\\ms{u,u)) < C, (6.86) 
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and this is equivalent to, 

l|V!Zlkf,(S(„,«)) < C. (6.87) 

Remark: we can obtain similar improvements for ||Vfrx|||i,4^(s(u,u)) and ||Va;|||i:,4^(5(„_„)). 
To summarize, we can prove that 

I|V!zIUl(S(„,«)) < C. (6.88) 
l|V*^xlkt,(S(«,M)) < C. (6.89) 

||Vc^|U4^(5(„,„)) < C. (6.90) 

Furthermore, with the improved estimate for \\S/ri\\]:^i^(^s{u,u))) we can get the improved 
estimate for ||??||i,oo(5(„^„)) which is, 

|l!?IU~(S(„,«)) < C. (6.91) 
6.5 Estimates for II Qirx + |f| II (5) 

To prove the Evolution Lemma, we need the bootstrap assumption |f2frx+|^| < where 
(5 > is sufRciently small and c is an arbitrary small positive number. 

Here we run a small bootstrap argument to verify this assumption. 

From the null structure equation for trx, we know, 

Vsirx + ^trxtrx = -^i^trx - |xP- 



From this equation, we get 

Also we have, 



^ ntrx + ^ntrxptrx = -2n'^ujtrx - il^\xf + l-O-t. 



— - — - 

duu v? 

Thus, contracting these two equations, we have, 

-^(mrx - -) + \{mrx+-){^trx - -) = -2n''uitrx - f^^lxl' + l-O-t. 
From the bootstrap assumption, we have, 

^{ntrx --) + -i^trx --) + J-^ = -2fiVtr-x - fi'lxl' + l-o-t. 
au — u u — u Z\u\'^ — — 

Using the estimate results for coefficients in this section, we have, 

— mrx - - + ^ mrx - - = ^ + i-o.t. 

From Gronwall's inequality, we have. 



\u\ntrx'l)\\L'^iS{u,u)) < C{\\ul,{ntrx- ^)\\L'»is{u^,u)) + ^)- (6-92) 
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From the initial data in [Chrj . we know, 



\\ulintrx-^)\\ 



i=°(S(«oo,«)) — 



< CS^. 



Thus, we have. 




(6.93) 



6.6 Estimates for \\^ — 1||l°o(s') 

Recall that lj = -^Vslogfl ^ ^flVsiQ-'^) = Since fl^^ = 1 on we have, 



Thus, we close the small bootstrap argument and verify the assumption in the proof of 
the Evolution Lemma. 

We summarize the results from subsection 6.1 to subsection 6.6 in the following propo- 



Proposition 6.2. Assuming S'^Aq is sufficiently small, there exists a constant C, depending 
only on 0^°^ and Tl,TZ, such that 



Collecting the results from Section 4 to Section 6, we have proved the following theorem: 

Theorem lA: Assume that O < oo and TZ < oo. Then there exists a constant C 
depending only on and Tl,TZ such that, 



7 Curvature Estimates I, II. 

In the next two sections, we give a direct and intuitive approach for proving energy estimates 
in an infinite region by integrating the null Bianchi equation. 

In a finite region, similar work has been done in |L-R:Interaction] . Some of the ideas 
have originated in [Hof . For an infinite region, we make a key observation which enables us 
to obtain such a new approach. 

A Key Observation. 

The key observation is on the coefficients in front of trx and trx in the following trans- 
port equations: 




Thus, we have. 




sition: 



(^)Oi,4 < C and (^^00,00 < C. 
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Both curvature components 'J with signature s(^') = (s, s'), and the kth-order angular 
derivatives of curvature components with signature s{V''"^) = {s,s'), satisfy the following 
transport equations: 



i[+i'2 = s' 



where vp^"-^ ) and -0^^^" ^ stand for 2 S-tangent tensor fields with signatures (s, s') 
Proof: 

For fc = 0, we can verify the equations above by simply checking the Null Bianchi 
Equations. 

For fc = 1, we can verify the equations above by taking 1st order angular derivatives of 
the Null Bianchi Equations and using the Commutator Lemma 13.31 once. 

For general fc, where fc is a positive integer, we can verify the equations above by taking 
the kth order angular derivatives of the Null Bianchi Equations and using the Commutator 
Lemma 13.31 fc times. 

Remark: Making good use of the cocfficents in front of trx will lead us to the desired 
curvature estimates. 



7.1 Curvature Estimates in the Scale Invariant Norms. 

Let's first divide the curvature components into several pairs and prove several useful lem- 
mas. 

Lemma 7.1. Assuming that for a pair of S-tangent tensor fields vpC*'" ) and +^)^ 
we have the equations 

V3«f('''''') + {- + sOirx*^"'^'^ = V*(^-^''''+5) + Y ^A^'i'"!^ • *(^2'"2) (7.3) 

s{ + s'2 = s' + l 
^'l + = 2 = = ' + 7 

Then we have, 

-^(/ |u|4«'(*(-.-'))2) + A( /■ |^|4«'(^(--i-' + ^))2) 

Js(u.,u) du Js{u,u) 

-2s'(5=w4"'-2($(-.^'))2 _ / 417|u|'*^'(77 + 7])-4'("-^''''+5).5-(^.^') 

S{u,u) Js(u,u) 

JS{U,U) si+ = 2 = ». JS{U,U) fi+52= = + 



•+s'=s' + l 



(7.5) 
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where c is a small constant number. 

Remark: There isn't a f^^^ ^^\u\'^'' ntrxi'i''''''''^)^ term on the right side, which might 
be a dangerous borderline term. 

Remark: For convenience, we can rewrite the identity above as: 

du Js{u,u) du Js{u,u) 



'S{U,U) JS{U,U) si+S2 + S3=2s, 

.;+4 + 4 = 2a' + l 

(7.6) 



where, J2 =i+«2+=3=2». ■ ^rt^^.^) . ^r('*3:4) stands for, 

=i+4+4=2='+i 



-2(7y+r;).\l>(''"5'^' + ^).\l>('*. «')_!_ ^ ^(si,si).v]>('52,S2).\]/('S^s')_|_ ^ ^(si:s'i).v]/(^2,S2).\]>(s-3,s'+3)^ 



Proof of Lemma ITT 
From 17.31 we have. 



du 



S{u,u) 

S(u,«) Jsiu.u) du Js{u,u) 

S(u,u) J S(u,u) 2 



S{U^U) si+S2 = s, >J S{U,U) 

JS(U,U) JS{U,U) ai+S2 = s, 

s[+s'2 = s' + l 

J S(U,U) J S(U,U) qi-t-Sn^S 



'S{U,U) J S{U,U) 31+32 = 

= i+»2 = '' + l 

(7.7) 

For we use Qtrx = f + ]|-p-, where c is a small positive constant. 
From [731 'we have. 



— (/ u^''{^^|('-i■''+^2))■^) = f 2u'^''¥'-^^'' + ^2) . —^^,is-hs' + ^) 
du Js{u,u} Js(u,u) du 



(7.8) 



5l+i2 = = + 4. 
°l + = 2 = = '+ 2 



Hence, 
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du Js{u,u) du Js(u,u) 

S{u,u) J S{u,u) 



S(n,M) J S(u,u) 



+ i 

(7.9) 



^1^^2^^ +2 



For we use Stokes theorem on S{u,u). (See more details in |L-R:Interaction) .) 
For we use rj + rj = 2Vlogfi = ^Vil and VQ = fl{r] + if). 
This finishes the proof for Lemma 17.11 

Lemma 7.2. Assuming a pair of S-tangent tensor fields ^i^^^" ) and '^^^^^■^ satisfy [7731 
and 17.41 then we have, 

||^(^.«')||2 + |j^(^-i''' + ^)||2 

I I si+a2 = s. 



J Mo 



(7.10) 



1+52 = = + ^, 
i+^2 = 



where c is a small constant. 

Remark: For convenience, we will rewrite the inequality above as 

Proof of Lemma 177^ 

Multiplying S^''~^ on both sides of the conclusion of Lemma [7. 11 we have. 



(7.11) 
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du Js{u,u} du Js(u,u) 

JS(u,u) Js{u,y,} 

(52,^2) 



=i+4=='+i 

Js(u.u) ... 



(7.12) 

Using the definitions 

IIV'Lf.(SKM))='5^^('^)-^-^|«|^^-('^)+i-i||V.|U.(S(„,„)), (7.13) 

and, 

then bv l7.12[ we have, 



5l+s2 = s + 5. 
°'l+ = 2 = = '+ 2 

Using the definitions 

(H<«-)) - / (7-16) 

1 

and integrating 17.151 over 'D{u■^,,u^), we get 
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||*(«^s')||2 I ||^(s-^'«' + ^)||2 



(itQC I'll) \ 



)I|2 



(7.18) 



-'Mo 



I I 31+32=3, 

3'i+3^=3' + l 

3-1+3-2 = 3+1. 

S'l+S^ = 3' + ^ 

This finishes the prove of Lemma 17.21 

From Lemma 17.21 we can easily get the following corollary. 

Corollary 7.3. Assuming a pair of S-tangent tensor fields ) and \l/(*~5>^ +5) satisfy 
[731 and 01 then we have, 



' ' 31+32+33=23, -■ - - — ' I 

3^+3^+3^=23'+! - 



(7.19) 



or 



(7.20) 

where c is a small constant. 

We also obtain the following corollary: 

Corollary 7.4. Assuming a pair of S-tangent tensor fields vj't"''* ) and v[/(s-5>^ +5) satisfy 
[73] and 01 then we have, 
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w , ^ , 0<„'<.,, \u 

s'. +s!; + s',=2s' + l - 



(7.21) 



or 



(7.22) 



where c is a small constant. 

Now we are ready to state the main theorem in this Section: 

Theorem IB: The following estimate holds for a constant C = C(I^°-', T?.*^"^), and S 
sufficiently small, 

In the next two subsections, we will prove Theorem IB by introducing a bootstrap 
assumption: 

n + n< A. 

To this end we will prove the following propostion: 

Proposition 7.5. There exists Sq = So{I^^\ TZ^-^\ A), such that whenever S < Sq, 

1^0+ Ro< c(z("^7^(°)), 
+^1 < c(x(°^7^(°)). 

More precisely, we hope to prove, that there exists Sq — So{I^^\7l''^\ A), such that 
whenever 6 < So, 

S^Mluh) + m\LUH) + Mluh) + Mluh) + Mluh) < C(l(°),7e(")), (7.23) 
S^miLum + Mluk) + hhi^QL) + m\LUH) + Mluk) < C(l(°),7e(")), (7.24) 
l|Va|U2^(^f) + ||V/3|U2^(H) + ||Vp|U2_^(^) + ||Va|U2^(^) + ||V^|U2^(ff) < C(X(o) , 7^(")), (7.25) 



Remark: From Corollary [731 we know that if we don't have anomalies in 17.31 and 17. 4[ 
then we can easily prove Propostion 17.51 and Theorem IB. Thus, we only need to care 
about the anomalies. 
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7.2 Curvature Estimates I. 
Estimate for a. 



From the Null Bianchi Equations, 

Vga + ^trxa = V(g)/3 + 4a;a - 3(xp +* xa) + {( + 4r/)(8)/3, (7.27) 

V4/3 + 2trxP = diva - 2a;/3 + r/ • a (7.28) 

and by the bootstrap assumption in the scale invariant norms, the anomalies are a and 
13 along TJ . 

From Corollary 17.41 and Theorem lA, we easily get 

(7.29) 

where c is a small positive number. 

Remark: The borderline term and potentially dangerous term is fltrxa^, but this term 
is killed off by our previous lemmas. 

Estimate for /3. 

From the Null Bianchi Equations, 

V3;3 + trxl3 = Vp +* Wa + 2oil3 + 2x- 11 + HvP +* w): (7-30) 

3 1 
V4P + i^trxp = divP - -x-a + C,- l3 + 2ri- 13, (7.31) 

V4a + hrx(T = ~div*(3 + 1^ •* « - C ■* /3 - 2?? •* /3, (7.32) 
and by the bootstrap assumption in the scale invariant norms, the anomalies are a and 

Using Lemma 17.21 we have, 
<ll/3||' ,„(o,.,, + ^sup||/3f +^^C(I(°),A)A2+ /" r u'mLHs)MWiS)\\p\\L 



Ju 



U 

2 



u llxlli''(s)l|Va||£2(s)||a||£2(s)l|p||L^(S) + j \\x\\l^(s)\Ml-^{s)\\p\\l^{S) 



^"ll-.o., , J ..^.^^ ^ ^ 

JO J Uoo 

(7.33) 

For X, we have the estimate. 



di 1111 
-A\\xhus{u,u)) < ■rA||xl|L4js(«.„,«))+'5^^i[a]^^o[fi]^+'^^^oy+'5'Oo,ocOo,4 (7.34) 
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where c is a small positive number. 
Later, for a, we will show, 

where C = C(X("^7^.^). 

Thus, for S sufBciently small, we will have, 

^llxlUt.(5K^))<C(l(°)), 

which is, 

\U\2 

Returning to 17.331 we have. 



C(l("))<5^^^||Va|||.(5)||a||2.(s)||p|U.(S)+ / / C{l('^)Si\\a\\^.^s)\\p\\ms) 

<ll/3|li.^(^(o^,) + |^sup||/3||^^^^^<o,,,^ +<5^C(I(°), A)A2 + £^nl[a]nha]no[p] + ^^TZo[a]n„[p] 

(7.35) 

Later, we will see that for S sufScient small, we will have, 

7^o[p] + 7^oH + 7^l[a] <c(x(°)). 

Thus, we can prove, 

xc , xc (7.36) 

where c is a small positive constant. 
Estimates for p, a, /?. 

We have the Null Bianchi Equations 

Vsa + hrx<J = ~div*^ + •* " - C '* ^ - 27? •* ^, (7.37) 

VsP + ^trxp = -div^ - • a + C • ^ - 277 • ^, (7-38) 
45 



Va^ + 2trxl3 = -diva - 2ujfi + 77 • a, 



1 



V4a + -trxQ, = - V®^ + Auja - 3(xp -* xcr) + (C - 4?7)®/3, 

Remark: a doesn't appear in the Null Bianclii equations for p, cr, /3, a. 
Using Corollary 17.31 we get, 



(7.39) 
(7.40) 
(7.41) 



+ ilA2 + <S5C(l(o),A)A2 



(5^C(l(°),A)A2 



(7.42) 



+ ll«l 
5= 



(7.43) 



We summarize the above results above in the following proposition: 

Proposition 7.6. The following estimate holds for a constant C ~ C{I^'^\TZ,]Z), and 6 
sufficiently small, 

Estimate for 7?.q[q;]. 

Using the transported coordinates of the previous subsection we now derive estimates 
for the TZf^[ a] norm of the anomalous curvature component a. 

Proposition 7.7. 7^^H(^t) < nf)[a]{uoo) + 'R- 

Proof Recall that, 7^Q[a] sup^^,-^ II^IIl^ (sjj), where is the subset of i7„ gen- 
erated by transporting a disk of radius Si , embedded in the sphere S{u,0), along the 
integral curves of the vectorfield 64. We denote ^ Su to be the intersection between and 
the level hypersurfaces of u and ^S{u' ,u) to be the set obtained by transporting ^Su along 
the integral curves of 63. According to the remark after the Evolution Lemma, since 

Vaa + ^trxa = V(8)/3 + 4wa - 3{xp +* x<t) + (C + 477)(g);3, 

we have, 

l|a||L2('Ss(«,«)) < l|a||L2(5s(„„,„)) + / II V®/3 + 4a;a - 3(xp +* xct) + (C + 4.r])^l3\\L2^2 5s(u',u)) 

< M 



< 7eg[a](uoo) +7^. 



(7.44) 
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7.3 Curvature Estimates II. 
Estimate for Va. 



For a, we use the Null Bianchi Equation 



Vaa + ^trxa = V(g)/3 + Acja - 3{xp + *xa) + {( + 4r/)(8)/3. (7.45) 



to get, 



(7.46) 

Also, we obtain, 

V3 Va — VVaa = (77, ?7)V3a — rjxa + fia — x^Q^ ~ 2^''-^^'^ (7.47) 
Hence, we derive, 

VaVa + trxVa = VV(g);3 - ^Virxa + 4Vti;a + AuNa - 3Vx(/0, cr) + V{ri,rj)l3 + {ij^rfjVlS 



+ {rj, 7]) Vaa - rjxa + /3_a — x^a 
Similarly, we derive, 

ViVP + 2trxVI3 = Vdiva - 2VtrxP - - 2loV {3 + V-qa + -qVa 

+ x^P + {V:V){-'^trx(3 - diva - 2uj(3 + rjo) + xvP 

From Corollary 17.41 and Theorem lA, we easily can get, 



(7.48) 



(7.49) 



Estimates for V/3, Vp, Vcr, V^. 

Using a similar method as in the estimate for Va, we obtain, 

l|V/3||^,^(^<o,.,^ + IIVP, Va||2^^^^_.„,^ < ||V/3||^,^^^<o^,^ +<5^C(X(°), A)A2. (7.51) 



IIVp, Va||2^^^^<o,,,^ + ||V^f^^^^^^_,„,j < IIVp, Vaf^,^^^,o^,^ +<5^C(XW, A)A2. (7.52) 



l|V^lli.^(^(o.^)) + l|Va||^,^(^.^,„,) < ||V^||^^^^^,o^,^ +<5^C(X("),A)A^ (7.53) 
We summarize the results of this section in the following theorem: 

Theorem IB: The following estimate holds for a constant C = C(T'^°\ 7?., ^),and 5 
sufficiently small, 
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Combining the results in Section 6 and Section 7, we prove: 

Theorem l(Main Theorem): Assume that TZ'--^^ < I'-'^' for an arbitrary constant T^^^. 
Then, there exists a sufBciently smaU S > Q, such that, 

n + n + o <l'^°\ 
8 Curvature Estimates III. 

For future apphcations, we will obtain more curvature estimates. 
Let's first introduce the Curvature norms. 



n2iu,u) = ||V2a|U.^(^) + |lV2/3|U.^(^) + ||vVl|L^jff) + ||V2a|U.^(^) + ||V2^|U.^(^), (8.1) 

n^{u,u) = \\V'P\\LUH) + \\^''p\\LUH) + \\V'ah2jH) + \\V'p\^^^^^^ (8.2) 
Estimate for V^a. 

For Va,we have, 

VsVa + trxVa = - ^Vtrxa + AVuia + 4wVa - 3Vx(/0, cr) + V{r],ri)l3 + {rj, 7^)^1(3 

+ {ri, ?7) Vaa - rjxa + I3_a — X^ct 

(8.3) 

Thus, we have, 

VVsVa + trxV^a = -VtrxVa + V^V®/? - ^V'^trxa ~ ^VtrxVa + 4V^wa + AuA7a 
+ V(r7, 77) Vga + (?7, »?) Wga + V^a + §ya 

(8.4) 

Using a Commutator Lemma, we derive, 

V3 VVa - VV3 Va = (77, 77) V3 Va - ijWax + ^Va + xyarj - xV^a - ^trx'V'^a. (8.5) 
Adding IKl to ES] we get 

3 11 

+ V(77, 77) Vsa + (77, 77) VVaa + V^a + ^Va + (?7, ??) V3 Va - r7Vax 
+ pVa + x^ar] - xV^a. 

(8.6) 

Similarly, we can calculate V4V^/3. From Corollarv 17.41 we easily can get, 

(8.7) 
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Estimate for V^/S, V^p, VV, V^^. 

Using a similar method as in the estimate for V^a, we have, 

(8.8) 
(8.9) 



Thus, as in |K-R:Trappedl , let < ^ <C e < 1. Then, if 



(8.10) 



I V^/3||^,^(^(o^,) + II VV, VV||^,^(^<o^,^ + II V2^f^,^^^<o^,,^ < (8.11) 



holds, then we can prove: 



We rewrite 15.121 using the standard norms: 



(8.12) 



5^ / u^{V^pf+S^ / w6((v2p)2 + (VV)2) < e2. (8.13) 

Jo Js{u,u) Ju^ Js{u,u) 

6 [~ [ u\{y^pf + [V^af)+6r( u\y^^f<e\ (8.14) 

Jo Js{u,u) Ju^ J S{u,u) 

u'"{\/^pf+ r [ ui°(V2a)2 < (8.15) 

/O JSiu,u) Ju^ Js{u,u) 

So far, we have energy estimates for V^/?, V^p, V^cr, V^/?. 



9 Heuristic Argument 

In order to get the trapped surfaces, we need to prove, that both trx < and trx < 
hold, pointwise, on a 2-sphere S{u,u). Recalling, that along (y = Q) we prescribe 

Minkowskian initial data. So, on S{u,0), we have ^trx — iltrx = To make 

trx < 0,we need to use the following two Null Structure equations: 

^4trx + ^{trxf = ~\X? - 2ujtrx, 

VsX + ^trxx = V®?7 + 2ujx ~ ^trxx + 
Using the 1st Null Structure equation from above, we have that, 

d 1^12 
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Hence, we obtain, 

f— 2 f~ 

trx{u,u)<trx{u,0)- \x\Hu,vf)dy; = — - \xWn,yf)dv/ 
Jo m Jo 

Using the 2nd Null Structure Equation from above, we have that, 

^\x\^ + ntrx\xf^^X-E, 
du — 

where E = \/®rj + lurx — \trxx + '7®^- 
Hence, we get, 

l^d^^HxH = 2u\x^ + \u\\-^tr^\x\^ + ^\u\^x ' 



From the results obtained in Section 6, we know that 

2 

||u^(17irx )||l~(s(«,u)) < 

— u ^ ^ " 

Thus, we have. 



^-duHxH = ^\u\^x -E + cs'^ ixp - n\un ■ E + C^\u\^\x\'. 

If the L°°{S) norm for E is sufficiently small, then we can show that u) < 

Thus, 

trx{u,u) <trx{u,0) ~ = fl T^/ lxP(woo, 

Jo m I"! Jo 

Hence, in order to get the trapped surfaces in the slab 'D{u sa 1, S), we need, 

2 f- 



Similarly, to avoid trapped surfaces in the initial hypersurface H^J^\ we need, 



/ \x\^iUoo,u')du' < 

Jo 



2 



In summary, we want the initial data on HujT'^ to satisfy 



< / \x\ iuoo,2£)du' < 



For the initial data in |Chrj and |K-R:Trapped| , we have ||xIIl°°(S(«oo,m)) ~ Ju^\' ^^'^ 
this satisfies the required conditions. 

Also, using the results obtained in Section 4 to Section 6, it's easy to see that the L°°{S) 
norm for all the other terms in E are sufficiently small, except for Vry. In the following 
section, we will focus on V77. 
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10 Formation of Trapped Surfaces. 



In order to prove the formation of trapped surfaces, we hope that our heuristic argument 
works. Using the results obtained in previous Sections, we can easily obtain all the smallness 
we hope holds, except for fr- f" u^yVti. To prove that f?' f" u^yVti is a low order term 

_i 1 

compared with 1, we only need to show that || V?7||i;,oo(5:) < ^ . 

_ 1 

It is because, once we have this, and recalKng that ||x||l^(5) ^ -j^jWe will get 



J Uoo J Uoo 



< 



(10.1) 



< 



e2 



and this will finish our proof. 

10.1 L^{S) Estimates for Vr]. 

From Lemma 3.8, we know, 

l|Vr?|Uoc(s(„,^)) < ||V77||i(5(„,„))||V27/||i(5(„_„)) + J^WWhssiu,!,))- (10.2) 

\U\ 2 

From Lemma 6.1, we know, 

l|V^r/|U4(s) < \\y4V^v\\h^H)\\^'v\\l^Hr (10-3) 

We also know, 

ViV^r? = + /.o.t, V^r/ = VV + V^(p,f7) + Lo.t. (10.4) 

Hence, 



< l|V4V2r?||i(^)||V2/z||J.(^) + ||V4V2,7||2.(^)||V2(p,a)||i(^) (10.5) 

< llV'/3|li(^)||VVlli(^) + l|V2/3||i(^)||V2(p,a)||l.(^). 

Next, we try to estimate || V^/ti||x,2(5(„_„)). 
RecaUing, 



V4/X + trxM = -^trxdivq + {rj - rfjVtrx + X ' V(2r] - ??) + • a - (jy - Sry) • /3 + ^trxp 



(10.6) 
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we obtain, 



V4A/i = ^Adivrjtrx + X ■ AV(/7 + ??) — 2trxAfi + ^xAa + ^V^x • a + ^Vx • Va 

1 



+ (r? - 7?) AVirx + {v - ^v) ■ A/3 + -^trx^p + l.o.t. 



Prom, 



(10.7) 



a = — V4X + ^-o-t, 



(10.8) 



/3 = -ViT] + l.o.t, 



(10.9) 



we have, 



p = 2V4W + l.o.t, 



(10.10) 



Aa = -V4AX + l.o.t, 
AP = -V4A77 + l.o.t. 



(10.11) 
(10.12) 



Recalling, 



and defining. 



Ap = 2V4AUI + l.o.t. 



VAi] = V4V^(w, w''') + V^/x + l-o-t 



yl = Aii-x- V\ui,lJ) - (77 - 3ri)V^r] + ^trxV^^v + X • V^x, 



then we have, 



V4V = V2(r? + ?7) ■ Vx + ^V^x • a + ^ Vx • Va + Z.o.i 

= (Vp, Va)Vx + ^V^ • a + ^Vx • Va + l.o.t. 



Thus, we have derived, 



(10.13) 
(10.14) 

(10.15) 



(10.16) 



\l^s)< \\^§\\l^{S)M\l^{S)+ l|Vp,Va|U4(s)||Vx|U4(s)+ / \\ya\\L-(s)\\^nL\s)+l-o-t 
Jo Jo Jo 



< £ l|V^^||!.(s)l|V^||E.(5)||Va||£,(^)|la|||,(^) + ^ /. l|V«ll!.(s)l|V^a||£.(^) +Lo.i. 



Jo 



< ^iii«rv 



5r72o|| 2 



lj;,2(H-(0,«))lll-| ■ £lllj;,2(JJ^".3i;) 

|2v72. 



.,jii^rv/3ip 



|u|Va||- 



a 



(0,3i)^ 



+ i;illl"l^"lll2(^(o,.,)lll«rv^«lll2(^(o,.)) + «-o-i- 

3 



i5 ■! (5 2 5 



(10.17) 
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From this, we obtain, 

I|VV|U2(S(„,„)) < (10.18) 



and 



IIVVlli(H) < S- (10-19) 



Recalling the results from the Section Curvature Estimates III, we have 



Thus, we can prove. 



V2(p,a)||i.^. <^ei (10.21) 



5-^ 



||V^7?|U4(s(,,„)) < —ye. (10.22) 

\u\2 

_ 1 

We also already know that, ||V?7||i,4(5(„ < p^-. 
From, 

||V7?|U~(SK„)) < l|Vry||i(s(„,„))||V277||t(5(„_„,, + 1 ||Vr?|U4(s(„,„)), (10.23) 

\U\ 2 

it follows that, 

I|Vj?|Uc»(5(„,„)) < -r^. (10.24) 



Recall that the initial data quantity is given by, 

X(0) = sup X(°)(u) 

0<«<<5 

where, 

l'-°\u) = Si\u^\\\Xo\\L'-'{S{u^,u))+ '^^ll(^'^4)''Xo||z,2(S(«oo,M)) 

0<fe<2 

+ E E ^^II(^^I"oo|V)™-^(5V4)'=VX0||l^(5(«„,^)) 
0<fc<l 1<TO<4 



(10.25) 



Thus, we have proved the following theorem: 

Theorem 2 Given Minkowskian initial data on H_l^°°'"\ on Hujf^ assume that, in 
addition to X^^^ , we also have for 2 < fc < 4 

(5^!l('5^|uoo|V)'=Xo||L2(s(«..,ii)) < e 
for a sufficiently small parameter e such that < (5 ^ e. Assume also that xo verifies 



2 f- 2 

Jo 



I Woo I 

Then, for 5 > sufficiently small, a trapped surface must form in the slab D(u w 1, i5). 
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11 In the pursuit of Christodoulou's results 

In this section we will prove using the above methods, that given the same initial data as in 
[Chrj . we can get the same results as in |Chr] . 

Above we have proved a semi-global existence result in weaker norms. As we explained 
in the introduction, here with initial data in [Chrj , we hope to promote the results in weaker 
norms to stronger norms. 

11.1 Initial data. 

From Chapter 2 in [Chrj . the initial data along Hug he prescribes satisfies the conditions 
below: 

w = o, {\H\l^{s{uo.u)) ^ -r^) 

I "-O I 

(5-5 2 1 (53 

1IxIIl-(s(«o,«)) < ll^^^x - |:^IU~(s(«o,«)) < j:^' ll??,!zlli~(s(«o.«)) < 

II - II no ^11 II II ^ 

IIxIU~(s(«o,m)) ^ ll"^^2(+ |;5^lli°°(s(«o,n)) ^ j;;;^' \mL'^{s{uo,u)) < 

- |;5^lli°°(s("o,u)) < j:^, l|a||L~(s(«o,«)) < I1/?1Il~(s(uo,«)) < 

1 J (55 

ll/3,cr||L~(S(no,u)) < j;^, ll^lU~(S(uo,«)) < j;^, \\oL\\L'-'iS{uo,u)) < 

where |5'(uo,ii)| ~ |moP- We will call the initial data along given in [Chr Christodoulou 
initial data. 

Remark: We also know, along Hug, for all the components above, once we have an 
extra V, the weight for S stays the same and the decay rate for u is better. 



11.2 Coefficients Estimates. 

We hope to prove that all the inequalities for the coefficients in 11.1 still hold for S = S{u,u). 

Before this subsection, we already have a semi- global exsitence result. 

For '-'^-'C'o.oo, comparing these results with |Chr| . we only need to improve L°°{S) es- 
timates for i:j,w,?7,ry. From [Chrl, we hope to prove ||a;||Loo(5) < p^, ||a;||L=c(5) < 

Wvh'^iS) < iTijT, and ||?7||loo(5.) < i^. We have already shown that, \\uj\\l^(^s) < f^, 

1 

M\l^{S) < ll'7lU~(S) < and hU'^iS) < ji^- 

Assume that we have the following bootstrap estimates for curvature: 

(55 II Va||L4(5)+(55 II V/3||i4(5) + |u|5 II Vp, V(T||i4(5)+,5- II V^|U4(5)+^ 

S\Ml^h) + |u|||/3|U2(^) +(5-5|u|2||p^^||^,^^^^ +^-f |u|3||^||^,^^j < c 
,5|u|||Va|U2(^) + |up||V/3|U2(H) +,5-5|u|3||Vp, V(7|U2(^)) +ri|M|4||V^|U2(^) < C 
S\u^\\\V'a\\L2^H) + \u\'\\V'l3h2^H) + (5-5|u|4||vV, W|U2(ff)) + S-i\u\'\\V'^\\L2^H) < C 
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^'n\\uV&\\L-(H) < C, S-^\\u\^ya\\L2iH) < C, S-^\\\u\'V^a\\L2^H) < C 



Using Christodoulou's initial data and using the methods used to obtain the Ricci coef- 
ficient estimates before this subsection, we have: 

For w, using V3W = 2ww + (?7, ?7)(77, 77) + ip, we can prove ||w||i«>(s) < 

For w, using V4W = 2ww + (?7, ?7)(7y, 77) + ^p, we can prove ||w||ioo(5) < 

1 

For rj, using V4?? ^ ~X- iv - v) - we can prove \\r]\\L^(^s) < 

1 

For ?7, using V377 = • (r? - ?/) - A we can prove ||?7||i=e(5) < 

Once we have the desired ^'^■'Oo.oo estimates, we can easily get the desired '•■^•'C'o.2 esti- 
mates and estimates on S{u,u) with Holder's inequality. 

For ('^^C'i_4, comparing our semi-global existence results with |Chrj . we need to im- 
prove the results for every component. The main reason is that, in [Chr j . for a term cj), if 
||^I|l'1(s(u,«)) < j^, we want to show that || V0||l4(5(„^„)) < j^^. While, in the former 
sections and in |K-R:Trapped| , we have shown that si(V) = ^. To be consistent with the 
scale invariant norm, we want || V(^||i4(5(„ < ^^jj^. 

Using Christodoulou's initial data and using the methods used to obtain the Ricci coefficient 
estimates before this subsection, we have: 

For Vcli, using the equation for VsVw, we can show that ||VcLi|U4(g\ < ^^-5-. 

|tl|2 

For Vw, using the equation for V4Va;, we can show that || Vcij||i4(5') < — 

\u\ ^ 
1 

For V77, using the equation for V4V77, wc can show that || V77||i4(5-) < 

1 

For V?7, using the equation for VaVry, we can show that ||V77||l4(5) < 

— — — \u\^ 

_ 1 

For Vx, using the equation for V4VX, we can show that ||Vx||l4(5) < ^— |-. 

— |u| 2 

1 

For Vx, using the equation for V3VX, we can show that ||Vx||i4(5) < y^pr- 
For Vtrx, using the equation for V^Vtrx, we can show that || Virx||L«'(S) ^ 

I 

s 

|u|3 ' 

Once we have the desired ^■^^C'i_4 estimates, we can easily get the desired esti- 
mates on S{u,u) using Holder's inequality. 



\u\ 2 

For Vtrx, using the equation for V^S/trx, we can show that || Vtrx||L<'(S) 



11.3 Energy Estimates. 

For energy estimates, using the methods outlined in Section 7 and Section 8 with the new 
coefficients estimates in subsection 11.2, we need to close a small bootstrap arguments. 
For the energy estimates for a curvature component 4', in the Sections Curvature Estimates I, 
Curvature Estimates II and Curvature Estimates HI, the only borderline terms are frx(^)^, 
trx(V4')^, and trx(V^4')^, respectively. 

We recall that the key point of the new type of energy estimates obtained in Section 7 
and Section 8 is that it kills the irx(^')^, trx(V5')^, and irx(V^^')^ terms by adding the u 
weight in the beginning. That is to say, all the borderline terms are cancelled. Thus we can 
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easily close our new bootstrap argument to get the desired energy estimates. 

Remark: With the new type of energy estimates we have cancelled the borderline terms, 
which are the worst terms. The other terms are easy to deal with. Here, we will see an 
example for how to deal with the second worst terms. 

Considering the energy estimates for /3 and a, we use 

Va^ + 2trx/3 = -diva - 2cj/3 + ?? ■ a, (11.1) 

V4a + ^trxa = -V®p + 4uja-3{xp -* xcr) + (C - 4?7)(8)^, (11.2) 

When we do energy estimates using a weight u , we cancel the borderline term trxP^ ■ 
The second worst term xSl{p, c) is left. From a heuristic view of point, pr-x/S^Hiooi-g) w 
This term is the borderline term which cannot be dealt with by using Gronwall's inequality. 
While, xa(/9, a) is better because it has a better decay rate. That is, ||xfi(P7 ^)\\l=°{S) < ^po- 
So, because this term is better than the borderline term in terms of u weight, it suggests 
that this term can be dealt with by using Gronwall's inequality. This heuristic argument is 
correct. 



/ / \u\^0^+ / HV=/ / / \u\^x{p.<y)^ + i-o.t. 

/O Js{u,u) Ju^ Js{u,u) Jo Ju^ J S{u,u) 

|4i 



< / / / \u\''S^{p,a)a + l.o.t. 

Jo Ju^ Js(u,u) 



< 



A\\\u\''ip,a)\\L2^S)\\\u\^a\\L2^s) + l-o-t. 
Ju^ m 



Jjloo 1^^ 

u pu 



< I I ^A\\\uML^s)+l-o.t. (11-3) 



d~^\\\u\^a\\L2(s)-r^ + l-o.t. 



Jo JUaa JO JUryo l"l 

"'O Ju^ JS{u,u) 1^1 

Thus, by Gronwall's inequality, we can prove the desired result: 

J S(u,u) Ju^ J S(u,u) Pl 

We will have the same types of second worst term xap in the energy estimates for /? and 
p. xap can be dealt with by following the methods in the example above. All the other 
terms are truly lower order terms in terms of i5, and we can deal with these lower order 
terms very easily. 

In summary, with Christodoulou initial data, and by using a new strategy, which is 
stated in this Section, we can easily prove the same results for all curvature components and 
coefficient coefficients as in [Chr'. 

Theorem 3 If given Minkowskian initial data on h}^°° and Christodoulou initial data 

on H^jf^ , we can prove estimates that are consistent with |Chr] . 
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